Solid/Liquid Washing Theory: Calculations

for Nonequilibrium Stages

Calculations for nonequilibrium stages were systematized via material balances
for multicomponent mixing, which is applicable in the absence of sorption.

The resulting treatment is quite complex with unequal stages but much simpler
when the stages are equal. It allows solving complex solid /liquid washing problems
from experimental simple washing data obtained with solute-free wash liquor.
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SCOPE

The objective of this work was to present a method for
stagewise washing calculations for nonequilibrium stages. This
is relevant because of the quest for more efficient solid /liquid
washing methods and its applicability to solving similar prob-

lemns.

No sorption and constant volumetric liquor hold-up in the
cake at all stages are assumed, which corresponds to so-called
displacement washing,

CONCLUSIONS AND SIGNIFICANCE

It was shown that solutions to complex solid/liquid washing
problems involving nonequilibrium stages are obtainable from
experimental data for the basic case of simple washing, in-
volving the use of solute-free wash liquor under the same oper-
ating conditions. They are based on characteristic f* vs. N
curves, where f* is the normalized average concentration in the
cake liquor hold-up and N is the volumetric wash ratio for such
tests.

The above provides the mathematical basis for the design and

optimization of complex solid/liquid washing systems. Similar
approach may be used with advantage in other applications,
avoiding the restriction of using particular models to describe
the experimental curves.

The method could be used as a subroutine for computerized
general material balance programs, thus permitting overall
process optimization studies for the whole plant to pinpoint the
effect of minimizing the wash liquor usage on subsequent
chemical recovery operations, e.g., evaporation.

INTRODUCTION

Recovery of solute present in the liquor entrained in the solids
cut from solid/liquid separations is an important operation in
chemical engineering. For efficient recovery, involving minimizing
the wash liquor usage, countercurrent stages are commonly used.
Calculation methods for equilibrium stages are well known and
widely used, e.g., in the design of countercurrent decantation
systems. Analogous method for nonequilibrium stages are more
difficult to handle and less developed.

This work deals with an extension of a calcilation method pro-
posed for washing on a belt filter. At first (Tomiak, 1979a) only the
special case of countercurrent washing with equal stages was
considered; but the treatment was subsequently extended to other
flow patterns (Tomiak, 1982a) and further to unequal stages for
dynamic filters (Tomiak, 1982b). A phenomenological description
of the equal stages case with supporting experimental data was
provided by Hermia and Letesson (1982); the general case of un-
equal stages was treated via the superposition principle of math-
ematical physics, with an elegant short-cut way of caleulating the
final liquor concentration in the washed cake (Norden, Viljakainen
and Nousiainen, 1982). With increasing concern about more effi-
cient washing and potential widespread use of dynamic filters, the
method merits wider recognition. In particular, some basic ex-
planation going beyond purely mathematical aspects is needed.

Satisfactory explanation of the above, while basically straight-
forward is difficult because it involves use of different symbols to
denote various concentrations applied to specific cases of the
general treatment defined by two sets of simultaneous equations.
The first set describes the washing history of the cake and takes into
account the residual hold-up of the original liquor in the cake and
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the contributions of the various wash liquor additions, while the
second set defines the wash iquor concentrations via material
balances for the individual stages and depends on the particular
flow pattern.

Understanding the basic treatment of the problem is difficult
until one grasps the relationship between the characteristic simple
washing curve data—corresponding to using solute-free wash li-
quor at all stages—and the mathematics of the general case. This
relationship, stemming from an implicit assumption of additivity
of volumes, is not obvious at a glance and appears to be confusing
until associated with the general case of multicomponent
mixing.

VOLUMETRIC WASH RATIO

The principal variable in washing is the volumetric wash ratio,
defined by:

N = volume of wash liquor/volume of cake liquor hold-up

The filter cake solids act as a carrier of the cake liquor holdup,
whose volume was taken to be the same at the exit from each stage.
This is approximately true in practice and in principle it can be
achieved by controlling the filter cake dewatering after each wash
liquor application.

The following treatment is limited to material balance consid-
erations and is specifically concerned with translating simple fil-
tration washing data in the form of f* vs. N curve, characteristic -
of a given system, to more complex situations, e.g., countercurrent
washing, under the same operating conditions (i.e., at a given flow
rate, temperature and pressure, and with the same way of wash
liquor application).
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Figure 1. Generalized washing block diagram.

Although various theoretical equations for f* as a function of
N are available, based on different washing models, in general f*
is an experimental curve because the models are not truly predic-
tive and require curve fitting to determine their parameters. Using
the theoretical equations is helpful but not necessary.

MULTICOMPONENT MIXING

Multicomponent mixing, assuming additivity of volumes, is
defined by the following two equations:

o =a (1)
Yoap=1 (2)

with ap = Vi/ZV; being the volumetric fraction of the kth
component.

Note that Eq. 2 may be obtained from Eq. by putting a; = a,
which corresponds to mixing of the same concentration liquors.
Analogous treatment for more complex cases will be used later.

For a binary system, we have:

Qe + tgaz =a 3)

o + ag=1 4)

FRACTIONAL RESIDUAL HOLD-UPS AND DISPLACEMENTS

Applying the multicomponent mixing equations to the mixing
of the residual original liquor at a concentration ¢, and the wash
liquor concentrations wy. yields:

hoc, + S dwwr =¢ (5)
ho + Ydr=1 (6)
for the general and
heo + dw, =¢ (7)
h+d=1 (8)

for the binary mixing, where ¢, and wy, are the concentrations of
the original liquor and the kth wash liquor, respectively, and w,
is the concentration of the original wash liquor.

Based on binary mixing, Appendix 1, any concentration 4 in a
washing system, Figure 1, may be considered to arise from a
fractional hold-up of the original liquor in the cake h:

h=(a—w,)/(c, —w,) 9)
and a fractional displacement by the wash liquor d:
d = (c, —a)/(c, — w,) (10)

with the latter equivalent ot the so-called displacement ratio,
widely used in pulp washing calculations in the pulp and paper
industry {Perkins, Welsh and Mappus, 1954).

These fractional hold-ups and displacements arise from mixing
imposed by the flow of wash liquor through the filter cake and for
the same flow conditions, and similar physical properties of the
original and wash liquors may be expected to be independent of
concentration as was experimentally verified (Hermia and Le-
tesson, 1982). In such cases, knowing any concentration g, ob-
tainable with solute-free wash liquor (w, = 0) and original liquor
concentration ¢, allows one to predict that concentration a’ would
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be obtained under the same conditions but with original and wash
liquor concentrations ¢, and w,, respectively, from:

a’ = z—" (¢, —w,) + w, (11a)
(4]
=c, - C—"{ﬁ (c, —w)) (11b)
0

The above equation provides a useful coupling relationship for
complex washing systems calculations. One can split such systems
into various components, carry out the initial calculations for each
of them for the simplest case of solute-free wash liquor, and then
combine the results according to the given flow pattern (Tomiak,
1979b).

The concept of fractional displacement may be extended to
multistage washing. In the case of unequal stages, Appendix 2, the
following equation may be written for the average concentration
of the liquor hold-up in the cake discharged from the jth stage:

c; = hljbo + dUw‘{ + dzng + dgng + ...+ djjll)?
(12a)

which for equal stages may be rewritten as:

¢; = h%b, + dwl + d;j—1w§ + dj-aw§ + ... + diwf
(12b)

where h,; and h{ are the residual hold-ups of the original liquor,
and dy; denotes the fractional displacement in stage j due to wash
liquor addition at stage i, which for equal stages corresponds to the
fractional displacement d; originating from wash liquor addition
i — 1 stages ahead of the given stage.

The above leads to the following set of equations:

c) = hllbg + duw(i (133)

€2 =hiob, + drawf + dasw$ (14a)

c3 = hizh, + diswl + dosw§ + dgaw$ (15a)
and

cp= h‘ljbo + dlw‘{ (13b)

Cg = hgbo + dzw‘f + dlw‘ﬁ (14b)

cg = hgbg + dswtf + dzwg + d1w§ (15b)

for the two cases. ‘
It is also shown in Appendix 2 that the fractional displacements
are defined in terms of the fractional hold-ups by:

di-j = h—i+ 15 = h(-1)s (16)
di = h:-ll - h? (17)

for the unequal (with ho; = 1) and equal (with h¢ = 1) stages, re-
spectively.

DETERMINATION OF FRACTIONAL HOLD-UPS

It is shown in Appendix 3 that the fractional hold-ups may be
determined from the results of washing tests performed under the
given conditions with solute-free wash liquor additions at all
stages.

In the case of m unequal stages, m such tests are needed, e.g. for
5 stages one must know:

hi1 = fi(N)
hiz = fi2N) hoy = f3(N)
hi3 = fi(BN) has =f3(2N) ha3z = f3(N)
his = fi(4N) hoy = f5(8N) has = f3(2N) haa=fi(N)
his = fi(5N) hos = f3(4N) hgs = f3(3N) hys = fi(2N)
hss = f5(N)
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Figure 2, Typical simple washing (f° = f*) and washing displacement (f;)
curves.

where f;(jN) refers to the simple washing curve obtained with the
solute-free wash liquor additions starting with the ith stage and jN
is the overall wash ratio due to j wash liquor additions each at a
wash ratio N.

For equal stages, a single washing test is needed, for which:

h$ = f*(N)
f*(@N)
f*(3N)
f*(4N)

hg = f*(5N)

The case of equal stages is represented in Figure 2, where fo =
f*(N) is the characteristic simple washing curve, and f;’s are the
washing displacement curves derived from Eq. 17, with all the f;
curves of the same shape but with different origins, each starting
at the stage of wash liquor addition.

In the above, the f*(jN) values are equal to normalized con-
centrations obtained in the simple washing test with solute-free
wash liquor. (They could also be obtained with wash liquor at a
concentration w, by making use of Eq. 9, which amounts to using
reduced normalized concentrations defined by the equation.)

SETTING UP SYSTEM’S EQUATIONS

For nonequilibrium stages, the concentrations of liquor holdups
in the cake are not uniform and their average values differ from
the concentrations of the washings. Note that, due to the mixing
in the washings tanks, uniform concentration wash liquors are
obtained even though the instantaneous washings concentrations
change.

For a system of m stages with the original liquor and wash
concentrations b, and w,, there are thus 2m unknowns in the
system’s material balance: m average cake liquor hold-up con-
centrations ¢; and m wash liquor concentrations w?. These con-
centrations are defined by two sets of equations. The first set is
given by the fractional hold-up and displacements equations rep-
resented by Eqs. 13-15 with the particular values of h and d’s de-
fined by the appropriate simple washing curves f* vs, N. The other
set is given by the material balance equations for individual stages,
which are obtainable in a straightforward way. (This involves
matching the w? wash liquor concentrations with the w; washings
concentrations to conform with a given flowsheet. For example,
for countercurrent washing we have w? = w;,.)

For five-stage countercurrent washing, Figure 3, we thus
have:

[ h?bg + dyws (18)
co=hdb, + dyws + diwg (19)
c3 = hgb,, + daws + dows + diwy (20) -
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Figure 3. Flowsheet for five-stage countercurrent washing.

"c4 = hib, + daws + daws + dows + diws (21)
cs = hgb, + dswo + dgws + dswy + dows + dyw, (22)
and

b, —¢; = N(w, — wy) (23)

c1 — ¢z = N{wg — wg) (24)

o~ c¢3 = N(wg — wy) (25)

3 — ¢4 = N(wy — ws) (26)

cq—c5 = N(ws — w,) (27)

which allows calculating the ¢;,c5,¢3,c4,¢5 and wy,wa,ws,w4,ws
values for the given b,,w,,N and known h¢ and d;’s.

SOLVING THE EQUATIONS

As shown in Appendix 4, the need to solve the equations may be
circumvented by two rounds of calculations, the first starting with
an assumed trial-and-error value and the second with its corre-
sponding correct value, obtained via binary mixing formula.

In the case of countercurrent washing with solute-free wash li-
quor, if only the value of the washing loss C,, = ¢,,,/b,, is needed,
one can calculate it by the following formulas given by Norden,
Viljakainen and Nousiainen:

(N =1+ hy))D, 2 Dilhig—1) — h;] (28)
=5 D, (withD, =1) (29)
=1

C, = kS~ (Sm s_ HN-1) (30)

where D and S are auxiliary parameters and C,, is the normalized
concentration in the washed cake leaving stage m.

Such calculations for five equal stages, Appendix 4, are extended
to all stage concentrations.

NOTATION

Small letters denote liquid-phase concentrations in weight/
volume units:

a = any concentration

b, = initial filter cake liquor hold-up concentration
c = filter cake liquor hold-up concentration

w = washings concentration

w? = concentration of wash liquor used at stage i

Capital letters denote flow rates in volume/time units:
F = flow rate of filter cake feed liquor
Q = flow rate of filter cake discharge liquor
w = flow rate of wash liquor and washings
Other symbols:
C =c¢/c, = normalized cake liquor hold-up concentration, di-
mensionless
D = auxiliary parameter, dimensionless
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d = fractional displacement by the wash liquor, dimen-
sionless

f* = (¢ — w,)/ (b, = w,) = reduced normalized con-
centration in washed cake = simple washing loss,
obtained with solute-free wash liquor, dimen-
sionless

h = fractional hold-up of original liquor, dimensionless

i = stage number, dimensionless

i = stage number and number of individual stage wash
ratios, dimensionless

m = number of stages, dimensionless

N = W/Q = wash ratio, dimensionless

Sm = auxiliary parameter, dimensionless

Y% = volume, volume units

Superscripts

%inh® = fractional hold-up of original liquor remaining in the
washed cake (without allowing for the original liquor
content in recycled washings)

°inw? = concentration of wash liquor added at stage i (w; =
concentration of the washings leaving stage i)

Subscripts

k = kth component in the mixture of liquids at various
solute concentrations

ij = contribution from wash liquor addition at stage i to
cake liquor discharged from stage j, at unequal
stages

§ = residual hold-up of original liquor in cake discharged
from stage j, at equal stages

i = displacement of liquor in cake discharged from a

stage due to wash liquor addition i — 1 stages ahead
of it, at equal stages

APPENDIX 1: APPLICATION OF BINARY MIXING EQUATIONS
TO WASHING

For the washing system, Figure 1, any concentration within the
system results from mixing of the original liquor in the cake at ¢,
concentration with the wash liquor at w, concentration. The re-
sultant concentrations fall between ¢, and w, and are given by the
binary mixing formulas:

(Al-1)
(A1-2)

he, + dw, = a
h+d=1

where h is the fractional hold-up of the residual original liquor and
d is the fractional displacement by the wash liquor.
Thus any concentration a is defined by:

(Al-1a)
(Al-1b)

with the proper values of h and d depending on the mixing im-
posed by the flow of liquor through the filter cake.

For the same mixing, i.e., with the same flows and similar
physical properties of the original and wash liquors, h and d are
independent of ¢, and w, concentrations, thus allowing predictions
of corresponding a’ concentrations, which would result from using
¢, original and w,, wash liquor concentrations. Thus, knowing a
particular concentration a resulting from ¢, original and w, wash
liquor concentrations, one can calculate the residual liquor hold-up
and displacement from:

a = he, + dw, = h(c, — w,) + w,

=6Co — d(co - wa)

(A1-2)
(A1-3)
and substitute the above into eqs. Al-1a and A1-1b to obtain:

h= ((l - wo)/(co - wo)

d= (co - a)/<cu - wo)
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o = 8o

= {co —w,) + w, (Al-4a)
Co — Wy
=c, - 2o 2 (o ~ w,) (A1-4b)
Co = Wy

In the special case of a concentration a, obtainable with so-
lute-free wash liquor (w, = 0), we have:
a, , ) ,
a = c_o (Co—w,) + w, (Al-5a)
(]

=4_%-%

(0 —w,) (A1-5b)

CO
Detailed explanation of the above, though using different
notation, is given in my previous paper (Tomiak, 1974).

APPENDIX 2: APPLICATION OF GENERAL MIXING
EQUATIONS TO STAGEWISE WASHING

Before arriving at a general treatment for any number of stages,
a specific example of five-stage countercurrent washing shown in
Figure 3 will be considered first.

Denoting the fractional residual hold-up of the original liquor
in the filter cake discharged from stage j by h,; and the fractional
ﬁisplacement in it due to wash liquor addition at stage i by dy;, we

ave:

c1=hubo + diws (A2-1a)
€2 = high, + digws + dogws (A2-2a)
¢3 = hish, + digws + d23w3 + dagwy (A2-3a)
€4 =hisbo + digws + dogws + dagwy + dygws
(A2-4a)
s = hish, + disws + dosws + dasws + dgsws + dssw,
(A2-5a)

It may be noted that d;;, di;_1),, d(j~2);, . . . denote the fractional
displacements in the liquor f]old—up in the filter cake discharged
from stage j due to wash liquor additions at the stage, one stage
ahead of it, two stages ahead of it, etc. In the case of equal stages,
these fractional displacements are independent of the stage location
but depend on the relative position of the wash liquor addition
point. Thus, all fractional displacements due to wash liquor addi-
tions at any stage will be the same, all fractional displacements due
to wash liquor additions one stage ahead of any stage will be the
same, all fractional displacements due to wash liquor additions two
stages ahead of any stage will be the same, etc. Therefore, d;; =
dyp=dp=dy=dss=d),dg=dyy=dss=dss=ds di5 =
dog = d35 =ds digs=dos =dsand dy5 = ds for the five-stage
countercurrent washing, where d; denotes the fractional dis-
placements originating from wash liquor addition i — 1 stages
ahead of a stage. Using such simplified notation, Eqs. A2-1a to
A2-5a may be rewritten for equal stages as:

¢1 = hib, + diwg {A2-1b}
¢co = hb, + dows + djws (A2-2b)
cs = hsb, + dsws + dawg + dyw, (A2-3b)
¢4 =hib, + dgws + dyws + daw, + diws (A2-4b)
cs = htb, + dswy + dyws + dawy + daws + dyw,
(A2-5b)

Equations A2-1a to A2-5a and A2-1b to A2-5b refer to the special
case of countercurrent washing for which the wash liquors added
at a stage originate from the stage immediately following it, with
the usual way of using subscripts to denote the stage of origin. Thus,
W, W3,W4,Ws5,w, denote the wash liquors added at stage 1,2,3,4,5.
Since in principle different routes for the washings may be used,
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it is best to base the subscripts used for the w's on their destinations.
Thus, denoting the wash liquor added to stage i by w?, one can
rewrite the equations in the general form shown in Egs. 13a to 15a
and 13b to 15b in the main text.

Due to their complementary character, the fractional dis-
placements may be defined in terms of the fractional hold-ups. To
do so, one requires a set of equations corresponding to Eq. 6 of the
main text. This may be obtained by substituting w; = b, and noting

that ¢; = b, in such case, since it corresponds to mixing of the same
liquor. Thus, in the case of Eq. A2-1a we have:
hii+dn=1 (A2-6a)
from which
di=1-hy, (A2-6b)
which for any stage j may be generalized as
dy=1-hy (A2-6c)
Similarly, in the case of Eq. A2-2a we have:
hig + dia + dga = 1 (A2-Ta)
dig=1—hip—dss=hos— hys (A2-Tb)
(withdge = 1 — hgy)
-1y = hyy = hij-) (A2-7c)
and for Eq. 2A-3a:
hig + dig'+ dog + daz = 1 (A2-8a)
dig=1—hiz—dsg—dsa=hxs—hiz  (A2-8b)
(with dgg = has — has and dgg =1 — hgg)
d(j-2); = h(j-1y = hy-2) (A2-8¢)

with the bracketed expressions given by the generalized Egs. 2A-6¢
and 2A-7c.

Repeating the treatment, one finds that in general we have:
dj-0j = hi-i+ 1 = by (A2-9)

By a similar reasoning applied to the case of equal stages, rep-
resented by Eqs. A2-1b to A2-5b we have:

he +dy =1 (A2-10a)
di=1-h (A2-10b)
for the first stage,
S+dy+di=1 (A2-11a)
de=1—-h3—d;=h{—h} (AZ2-11b)
(withdy =1-h9)
for the second stage,
§+ds+dy+di=1 (A2--12a)
ds=1-h§—ds—dy=h3—hj (A2-12b)
(withdy = h§— hfandd; =1 — k9
for the third stage and in general:
dy =h{_y—h? (A2-13)

for the ith stage.

APPENDIX 3: DETERMINATION OF FRACTIONAL HOLD-UPS

The fractional hold-ups may be obtained from the results of
simple washing tests performed with solute-free wash liquor, as
illustrated below for five countercurrent stages.

For the general case of unequal stages, represented by Eqs. 13a
to 15a of the main section and constant wash ratio at each stage,
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we have for the solute-free wash liquor additions starting from the
first stage, i.e., with w{ = 0:

hiy =c¢}/b, = fi1 = filN) (A8-1a)
hiz = c$/bo = fiz = fi(2N) (A3-2a)
hig = c§/bo = fis = fi(3N) (A3-3a)
h1s = ¢3/b, = fi1 = fi(4N) (A3-4a)
his = c§/bo = fi5 = f1(5N) (A8-5a)

where ¢? are the concentrations obtained in stage i as a result of
such test under the given conditions. The fractional hold-ups cor-
respond thus to normalized concentrations c{/b, at iN wash ratios,
defined by the experimental f] simple washmg curve for the first

stage.
By analogous treatment one obtains for the other stages:
hsg = f3(N)

has = f3(2N)  hsz = f3(N)
hos = fo(BN) hgs = f3(2N) hay = fiN)
hos = f5(4N) hgs = f3(BN) hys=fi2N) hss = f5(N

wheré f; are the experimental simple washing curves for stage ¢,
obtained with solute-free wash liquor additions starting from stage
1. Note that with m stages, the characteristic simple washing curves
must be obtained up to (m — i + 1)N wash ratios to reflect the
contributions of the wash liquor additions at a given stage to the
stage and all stages following it.

For equal stages we have f = f; = f3 = fi = f3, i.e., a single
simple washing curve f* defines all the hold-ups, with:

hi = f*(iN) (A3-6)

APPENDIX 4: SOLVING EQUATIONS FOR NONEQUILIBRIUM
STAGES

The need to solve the two sets of equations defining nonequi-
librium stagewise washing may be circumvented by making use
of direct calculations for an assumed value of one of the variables
and then correcting the numerical values thus obtained to the
proper w, concentration by the following transformation, based
on Eq. 9 of the main section:

(@ — wo)/(bo — we) = (@’ — w;)/(bo - wlo)

where a’ and w), are the concentrations calculated and a is the
corresponding concentration obtainable with wash liquor con-
centration w,.

For example, in case of the five-stage countercurrent washing,
the following equations may be obtained by manipulating Eqgs. 18
to 27 of the main section:

(A4-1)

wg = (Nw; — dib,)/(N — dy) (A4-2)
= [(N —di + dg) - dzb /(N d (A4-3)
=[N —dy + da)ws — (da — d3)wa ~ d3b, 1/ (N — d1) (A4-4)
=[(N —d, + da)ws — (ds — dz)ws — (d3 — d4)ws
—~ dubo]/(N — d1)(A4-5)
= [(N —d; + dgyws — (ds — d3)ws — (d3 — da)ws
—(ds— dshwg — dsbo]/(N —-dy) (A4-6)

and a first round of calculations carried out for an assumed high
trial-and-error value of w1 = w] to obtain its corresponding w, =
w, value. Repeating the calculations for the proper w; value ob-
tained via the binary hold-up formula based on Eq. A4-1 with a
= wj:

w, = Ql—w” (by — wy

P (A4-7)

)+ 1w,
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for the proper w, value yields the correct wg, ws, w4 and wj values,
knowing which corresponding c1, ¢, ¢3, ¢4 and ¢5 may be calcu-
lated from Eqs. 23 to 27 of the main section.

If only the value of the washing loss Cs = ¢5/b, is needed, one
can calculate it for the case of solute-free wash liquor from the
formulas derived for unequal stages by Norden, Viljakainen and
Nousiainen, using the following procedure:

Calculate D; values from:

i—1
(N -1 + hﬁ)D! = ]21 D;[h,‘(_f—]) - h,]] (A4'8>
Calculate S,,, from:
Sm=3 D; (withD,=1) (A4-9)
i=1
Calculate the loss from:
Cm=h11‘(5m—1)(N‘1) (A4-10)

S

Applying the above as an example to five countercurrent stages,
we have:

i= 2 (N -1 4 hzz)Dg = h“ ot h12 (A4-11)
§=8 (N—=1+4 hg3)D3 =hig— hig + Dalhgo — hog) (A4-12)
j=4 (N=1+ hyy)Dys=hig— hyy + Dalhos — hgy)
+ Dg(haz — hgy)

j=5 (N—1+ hss)Ds=h14— hys + Dalhog — hgs)
+ Dglhgs — hgs) + Dylhgs — hys)  (A4-14)

(A4-13)

which for equal stages may be rewritten as:
(N =1+ h§)Dy = h$ — h} (Ad-11a)
(N~1 + h$)Ds = h — h} + Dg(h§ — h}) (A4-12a)

9
1
(N =1+ hQ)Dy = h§ — h§ + Da(h$ — h8) + Ds(h§ — h§)
(A4-13a)

(N =1+ h)Ds = h§ — h§ + Do(h§ — k%) + Ds(hs — h9)

+ Dy~ h3) (A4-14a)
from which
Ss5=1+ D3 + D3+ Dy + Ds (A4-15}
may be obtained and finally
s R i, W0
calculated.

If the complete material balance data are needed in the case of
equal stages, one may proceed as follows:
" Calculate the normalized washings concentrations W; = w;/b,
using the following formulas, similar to those for calculating the
D]' 'S:

Wi=(01-Cn)/N (A4-17)
Wy=(h{—Cp)/(N—1+ h}) (A4-18)
Wy =(h§—Cp + deWy3)/(N =1 + hY) (A4-19)
Wy=(h{—Cn + dsWs + daWg)/(N— 1 + h)

(A4-20)

Calculate the remaining normalized average concentrations of
the cake liquor hold-ups C; = ¢;/b, from:
C,=Cn + NW,
Cy = Cp + NWy

(A4-21)
(A4-22)
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TABLE 1. NUMERICAL EXAMPLE
Calculated
Given (Auxiliary)
1.1 N
02327 hi=(1+ N)e=2¥ Based on f* = (1 + N)e™2VN,
0.0393 h3=(1 + 2N)e N assumed to represent the
0.0059  h§=(1+3N)e6N experimental simple filt-
0.0008 hi=(1+4N)e 8N ration washing data for
0.0001  hZ=(1+5N)e 10N the system.
dy = hg— h (0.1934)
ds = hg—h3 (0.0334)
dy = hg— h§ (0.0050)
ds=hS—hg (0.0007)
a=N-~1+h§ (0.3327)
Dy = dg/a (05813)
D3 = (d3 + dzDg)/a (0.4384)
Dy=(ds + dsDg + (0.3284)
dgDs)/a
Ds =(ds + d4Ds + d3D3 ,
+dsDy)/a (0.2459)
Ss=1+4+ Dy + D3 + Dy (2.5941)
+ Ds
C5 = [a - Ss(N - 1)]/85 0.0282
W,=(1-Cs)/N 0.8834
Wy =(h{-Cs)/a 0.6145
W3 = (hg - Cs + dez)/a 0.3904
Ws=(hi~Cs + dsWg + 0.2214
d:Wg)/a
Ws=(h{—Cs + dsWy + 0.0948
dsWs + daWy)/a 0.0948
Cy=Cs5 + NW, 0.7042
Cy=C5 + NW3 0.4577
Cy3=Cs5 + NWy 0.2718
Cy=Cs + NWy 0.1325
Cs=C,, + NW, (A4-23)
(A4-24)

Cy=C,, + NW;5

An example of such calculations for the five-stage countercurrent
washing system shown in Figure 3 and f* = (1 + N)e~2N is given
in Table 1 for N = 1.1. [The equation for f* corresponds to the
perfect mixing cells in series model with two mixing cells (Tomiak,
1978).]

NOTE: The word “stage was used here for what is called “washing zone” in pulp and paper ter-
minology. The distinction between the two terms is important for multistage washing systems using
multizone washing at individual stages.
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